= 1. As shown by Iwasawa and Mazur any of these measures may be used to construct the Kubota-Leopoldt p-adic L-function L p (s, χ).
The p-primary parts of the cuspidal divisor class groups attached to the congruence groups Γ 1 (p n N ), which we denote by C n , are also naturally Z p [[Z * p,N ]]-modules. In Proposition 5.10 we show that with respect to Hida's idempotent e we have direct sums
n , n ≥ 1, where C 0 n = eC n is the ordinary part of C n . Now suppose that N > 1 is squarefree. Our main result, Theorem 5.14, is the construction of a canonical "weight two" Bernoulli measure β which has the property that (ii) β annihilates C 0 n for all n ≥ 1. Moreover, the measure β leads naturally to the construction of an everywhere analytic p-adic L-function L * p (s, ξ) which turns out to be a modification of the Kubota-Leopoldt p-adic L-function.
Subgroups of the cuspidal groups C n have been analyzed in detail when N = 1 [9] . These results have been extended to the case N > 1 by Yu [25] . In both cases these groups have properties similar to the groups C 0 n but are themselves not ordinary. The Kubert-Lang theory played a major role in Mazur and Wiles' proof of the Main Conjecture of Iwasawa theory [12] .
Let O be the ring formed by adjoining to Z p the values of even primitive Dirichlet characters of conductor dividing pN . In [12] Mazur and Wiles analyze certain cuspidal groups for general N , C ] which annihilates it. These elements are similar to those that may be fit together to construct the measure β. Thus if N > 1 is squarefree our results extend some of those of Mazur and Wiles to the groups C 0 n . Stevens has shown that the cuspidal divisor class group associated with any Γ 1 (M ) may be analyzed in terms of weight two Eisenstein series. A major part of this analysis relies on a theorem, Theorem 5.7, which relates the periods of Eisenstein series to special values of L-functions [19] . To analyze cuspidal divisor class groups Stevens constructs a basis of Eisenstein series which consist of eigenfunctions for the associated Nebentype and Galois groups. These are then modified by Euler factors for each prime l dividing M leading to a particularly canonical basis.
We now assume for the rest of this introduction that N is squarefree. In Section 1 we give the construction of the measure β and the corresponding p-adic L-function L * p (s, ξ) when N > 1. The exact relation between L * p (s, ξ) and L p (s, χ) is given in Theorem 1.13. In Section 2, following Hecke [3] , we construct a generating set for the space of weight k Eisenstein series for each k ≥ 2. In Section 3 we specialize to design a basis for each space of generalized weight k Eisenstein series for the group Γ 1 (M ). These series are well known, but are presented here in a form by which the actions of the Nebentype and Galois groups are determined by simple transformations. Essentially these are weight k analogues of weight two Eisenstein series defined by Stevens [19] , and many of our proofs are simple generalizations.
In connection with his study of the Tate module Ta p (J ∞ ), and its ordinary part, Hida defines spaces of ordinary p-adic Eisenstein series
, for each weight k and level Γ 1 (p n N ), and gives a basis for each [5] . In Section 4 we present a different basis for these series, all of which are related to the p-adic L-function L In Section 5 we use our results for k = 2, and Theorem 5.7, to establish Theorem 5.14. The measure β is constructed by smoothing the unbounded "weight two" Bernoulli measure by each prime l | N for N > 1. In Theorem 5.15 we present some evidence that this smoothing for each l is necessary to annihilate generalized cuspidal groups. Finally we consider the case N = 1 and give a different proof of a theorem of Mazur-Wiles (Theorem 5.16).
We may take a direct limit of the ordinary cuspidal groups, setting C . As shown in [13] , C * is a finitely generated torsion Λ-module. Thus our results here may be a step in the direction of a structure theorem for cuspidal groups analogous to the Main Conjecture. It is worth mentioning that we may also form an inverse limit of the C 0 n -this is almost certain to be without Λ-torsion. For an illustration of this in the nonordinary case the reader should consult [9] , Chapter 6.
As shown in [13] C * is isomorphic to a Λ-adic group C Γ (D) which is an example of a generalized cuspidal divisor class group for Λ-adic modular symbols for the group Γ = Γ 1 (N ). It turns out that we may also express
C Γ (D) = Ta p (J ∞ )/S, where S is a submodule invariant under the action of Gal(Q/Q).
The author's thesis problem in part was to analyze the group C Γ (D) and using this determine a bound on the poles of a two variable p-adic L-function designed by Greenberg and Stevens [2] . I wish to express my great thanks to my thesis advisor Glenn Stevens, who posed this beautiful problem, and who was always a source of inspiration and encouragement. I am also indebted to Robert Sczech and Jacob Sturm for many valuable discussions and comments throughout the writing of this paper.
Notation. For M ∈ Z + , i.e., for a positive integer M , we write Z(M ) * for the group (Z/M Z) * . The divisors of M are understood to be restricted to positive divisors; in particular this applies to sums indexed by d | M . We let Q denote the field of algebraic numbers in C, and let Q p be a fixed algebraic closure of the p-adic rationals Q p . We also let C p denote the p-adic completion of Q p , and fix once and for all an embedding Q → Q p . For z ∈ C we will write e(z) = e 2πiz . Given a ring R ⊆ Q p , and a primitive Dirichlet character ξ, the ring formed by adjoining the values of ξ to R will be denoted R[ξ].
Kubota-Leopoldt p-adic L-functions.
Let χ : Z → C be a Dirichlet character, not necessarily primitive. If M is the smallest positive period of χ, we indicate this by writing m(χ) = M . Note that χ is a map from Z to Q, hence to Q p via our fixed embedding. If χ is primitive we denote its conductor by cond(χ). In general a Dirichlet character is not assumed to be primitive, and we will only define conductors for primitive χ. If χ and χ are two Dirichlet characters, we define their product simply by χχ (a) = χ(a)χ (a), a ∈ Z. This is not standard and in general χχ is not primitive. An exception to this convention occurs as explained in the remarks preceding (1.8). For a Dirichlet character χ, and M ∈ Z + , we define a Dirichlet character χ M by
Any Dirichlet character is then equal to χ M for a unique primitive Dirichlet character χ and some M ∈ Z + . In general M is not unique.
Then in particular B 1 (x) = x − 1/2, and in general
+ lower order terms.
For x ∈ R we let [x] denote the largest integer less than or equal to x, and set {x} = x − [x]. We define the Bernoulli functions B k : R → R by setting B k (x) = B k ({x}). The Bernoulli functions satisfy the distribution law
Suppose that χ is a Dirichlet character such that m(χ) | A. For k ≥ 1 we define the character sum B k (χ) by
By ( 
From this it follows easily, letting
Definition 1.5. For each integer n ≥ 0 we denote the set of primitive Dirichlet characters of conductor dividing p n N by K(N p n ), and set
To construct the measure β we first need a general result. Lemma 1.6. Let N > 1 be squarefree, and let n ≥ 0.
Proof. We may write the left hand side of the above as
where f (xdd /(p n N )) has the obvious meaning for
for if y is fixed,
as l | d and ξ is primitive. Then the above becomes
Proof. Letting B k = f , and applying the lemma, the left hand side of the above
We assume that the reader is familiar with the theory of p-adic distributions as described, for example in [11] or [22] . Let d be a positive integer prime to p, and O a subring of C p . For integers m ≥ n the natural maps
If R is a Q-module and f : Q/Z → R a function then for n ≥ 0 the function y → f (y/p n N ) for y ∈ Z(p n N ) * has a natural extension to Z * p,N . Via our fixed embedding Q → Q p we may regard Corollary 1.7 as an equality in either C or Q p , and we will use this to construct elements of
By a classical result L(s, χ) has an analytic continuation to the complex plane with a possible simple pole at s = 1; denoting this extension also by L(s, χ), we have the identities
, which interpolates these values, was first constructed by Kubota and Leopoldt [10] . We denote this
Suppose χ is a primitive Dirichlet character of conductor p r d where
The existence of such a function follows from congruences similar to the Kummer congruences. The Kubota-Leopoldt padic L-function is then defined by
The Kubota-Leopoldt p-adic L-function is described in terms of power series by Iwasawa [6, 7] . 
. This does not agree with our prior conventions, but will simplify our notation. 
If N is understood we simply write
Lemma 1.10. Let N > 1 be squarefree, and for n ≥ 1 let β
where for each x, x is a fixed representative in Z. Fix a prime l | N . Then the coefficient of any [x] in the above
by the definitions, and this proves the claim.
The next lemma is analogous to a result of Lang for the weight k analogues of the measure E c ( [11] , Chapter 2, Theorem 2.2). Its proof is similar, and is also based on the proof presented by Washington for Theorem 12.2 of [22] .
Proof. For n ≥ 1 and k > 1 we define a step function f k,n :
. Then with respect to the topology given by the sup norm, f k,n → f k uniformly, and f k,n dβ 1 converges to
, fix k > 1 and a ∈ Z * p,N , and choose n ≥ m such that
and
where
).
Thus
, and substituting this into the last congruence for A 1 , we obtain
Since β 2 is a "weight two" measure, to define the corresponding p-adic L-function, we twist by the character ω 
The relation between L * p (s, ξ) and L p (s, ξ) is an easy consequence of Lemma 1.11.
). Both sides of the identity to be shown are continuous in s, except possibly at s = 1. Thus it suffices to prove the above
This follows at once from Lemma 1.11 and Corollary 1.7.
We may regard the
As suggested by an idea of Greenberg [1] , we may extend the domain of such an L-function in a natural way. Note that each continuous ring homomorphism κ :
For simplicity we will simply write κ for the restriction κ. The homomorphism is given by ν → ν(κ) where, recall, 
We now suppose that N > 1 is squarefree so that the p-adic L-function β(κ) is defined. Note that β(κ) = 0 for all κ ∈ X − N . Now from Definition 1.12, if κ ∈ X arith,+ N has signature (ξ, k), then as shown in the proof of Theorem 1.13,
By the above definition this also holds for N = 1 where the empty product is regarded as 1.
Weight k Eisenstein series.
Let Γ be a congruence group, i.e., a subgroup of SL 2 (Z) which contains some Γ (M ). For an integer k ≥ 2 we denote the space of weight k Eisenstein series for Γ by E k (Γ ). The space of weight k Eisenstein series of all levels is then given by
We will use the methods of Hecke to construct a generating set for E k for each k ≥ 2. Our approach, in particular, is based on [3] . For a discussion of Eisenstein series in general, we refer the reader to [14] or [15] .
Let H be the upper half plane, and let S = M 2 (Z) ∩ GL + (Q). Then S acts on H by fractional linear transformations. For an integer k ≥ 2, and a function f : H → C, we define the weight k action of S by
If it is clear that f ∈ E k , we will simply write f |α for f |[α] k . We caution the reader that this definition differs from the weight k action defined, for example, by Shimura. Here we put (det α)
; this has the advantage of simplifying most of our remarks. Of course if k = 2, or α ∈ SL 2 (Z), the two definitions agree.
First suppose k > 2, and let a = (
This series converges absolutely and uniformly on bounded vertical strips, hence defines a holomorphic function on H. Let δ(a 1 /M ) = 1 if a 1 /M ∈ Z, and = 0 otherwise. The Fourier expansion of G M,k,a is given by
the corresponding function on H is not holomorphic. Hecke has shown that the function
with notation analogous to that of higher weight ( [15] , p. 167).
; then S acts on V by right matrix multiplication. For k > 2, in the case of absolute convergence, one verifies easily that for a ∈ V and M ≥ 1,
Hecke has shown that the corresponding property also holds for k = 2; thus the G M,k,a are invariant with respect to Γ (M ).
, as suggested by
where the sum ranges over elements a = (
and k = 2.
Then
For x ∈ R, and k ≥ 2, we have the classical identity
We have
we obtain
The definition of φ k x is therefore independent of M , and if
. The φ k x satisfy a distribution law given below. This has been shown in the weight two case by Stevens, and the proof for general k is essentially the same.
Proof. For α ∈ GL + 2 (Q) we may write α = γτ γ with γ, γ ∈ SL 2 (Z), and τ ∈ T = * 0 0 * . Now α ∈ S, so that τ has integral coefficients. Since (a) holds for α ∈ SL 2 (Z), we may assume α ∈ T . First note that by (2.5) 
Let M be a fixed positive integer and let Γ be a congruence group containing Γ (M ). We set P 1 (Q) = Q ∪ {∞}, and H = H ∪ P 1 (Q). The modular curve X(Γ ) = Γ \H is a compact Riemann surface which has a canonical model over Q as described by Shimura [16, Chapter 6] . X(Γ ) is the union of the affine curve Y (Γ ) = Γ \H and the cusps of Γ . The latter corresponds to the finite set of orbit classes of P 1 (Q) under the action of Γ by fractional linear transformations. We denote this set by cusps(Γ ). For each x ∈ cusps(Γ ) we let O x denote the set of y ∈ P 1 (Q) in the orbit class of x. For y ∈ O x , we define the sets S y and S x by
then S x is the set of elements of SL 2 (Z) which send i∞ to the Γ -orbit of x. For x ∈ cusps(Γ ) let e Γ (x) denote the ramification index of x over the modular curve X(SL 2 (Z)), and for y ∈ O x , write e Γ (y) = e Γ (x). Let D Γ be the group of divisors with support in cusps(Γ ) and let D Γ ⊆ D Γ be the subgroup of divisors of degree zero. For each x ∈ cusps(Γ ) fix γ x ∈ S x , and
is an isomorphism for any subfield K of C. Now let V k (K) be the K-vector space spanned by the φ k x for x ∈ V , and let E *
3. Weight k Eisenstein series for Γ 1 (M ). We now fix a positive integer M , and set Γ = Γ 1 (M ). The multiplicative group Z(M ) * acts on the space E * k (Γ ), k ≥ 2, in two natural ways. First we may identify Z(M ) * with the Galois group G M = Gal(Q(e(1/M ))/Q). Fix k ≥ 2. By the remarks concluding Section 2 we have an isomorphism
, and choose j ∈ Z such that jj ≡ 1 (mod M ). By a calculation it follows easily that
Thus since Γ is generated by Γ (M ) and
E| j = E|γ j , E ∈ E * k (Γ ). We denote this automorphism group by N M .
For g ∈ S we define the Hecke action in the usual way. Writing Γ gΓ = i Γ g i as a disjoint union, the action of T (g) on E * k (Γ ) is given by E|T (g) = i E|g i . In the special case g = Then for any integer s prime to p and n ≥ 1,
Proof. The proofs of (a) and (b) for k = 2 are given in Proposition 2.4.7 of [18] . The proof of (a) for k > 2 follows similarly from Lemma 2.6; as this is not central to our results we omit the details. For the second claim we have
Using Lemma 2.6 this becomes
To describe the cusps of Γ we will use Shimura's method. Given x ∈ P 1 (Q) we may write x = r/s, where r and s are integers which are always assumed to be relatively prime. We represent the Γ -orbit of x by . If our choice of Γ is clear we will omit the subscript Γ . Via the automorphism groups G M and N M the group
The Nebentype and Galois groups also act on cusps(Γ ). We define the action of N M via the correspondence
In Shimura's model for X(Γ ) over Q the group Gal(Q(e(1/M ))/Q) acts on cusps(Γ ). The correspondence for G M is given by
We will now assume as in the applications that
Let η be a primitive Dirichlet character of conductor f . The Gauss sum of η is given by
We let η : Z → Q denote the Fourier transform of η, i.e.,
Since η is primitive η(n) = τ (η)η(n). Any E ∈ E * k (Γ ) has a Fourier expansion of the form
and we set E(z) = n≥1 a n (E)e(nz). The L-series of E is given by
and extends to a meromorphic function on C which has possible simple poles at s = 1 and s = k. We let L(E, s) denote the analytic continuation as well. , d ), as suggested in [19] for the case k = 2, by setting
By inspection, given (η, χ, d) as above, the groups G M and N M commute with the action of
We will give a modified proof of this.
Proposition 3.7. Let k ≥ 2, and let η, χ and d be as in Definition 3.6.
Proof. Using (2.4) and (2.5), and the fact that ηχ(−1) = (−1)
Letting n = mt proves (a).
To prove (c) note that for a fixed d | M the number of triples (η, χ, d) is equal to the number of cusps of Γ of divisor d ((3.5)). Thus it suffices to show the E k (η, χ, d) are linearly independent. Suppose that
where g is minimal. By considering the action of G M and N M it follows easily that the η i are all the same, and similarly for the
Since the d i are distinct, this is a contradiction.
We now focus our attention on the weight two case. The remainder of this section is based on [19] .
For each y ∈ P 
Γ ). Then E(z)dz is a Γ -invariant differential form on H; thus there is a 1-form on X(Γ ), ω Γ (E), whose pullback to H is E(z)dz.
We set
and define the residual divisor of
For x ∈ cusps(Γ ) the value of r Γ,E (x) is given by
where e = e Γ (x). Now since E|γ y 1 e 0 1 = E|γ y , E|γ y has a Fourier expansion of the form (E|γ y )(z) = ∞ n=0 a n (E|γ y )e(nz/e).
Replacing z 0 by γ y z 0 we obtain
We may extend the map δ Γ to E * 2 (Γ ) by defining
For j ∈ Z(M ) * and E ∈ E * 2 (Γ ) it now follows easily from the definitions that
By the remarks following Definition 3.6, and the above, it follows that
for some c(d) ∈ C, and where the sum is over cusps of divisor d. In general, however,
E). In [19] Stevens introduces for each l | M , and associated with the pair (η, χ), an Euler factor e l in the group ring Q[S]
with the property that δ Γ,d (E ) = δ Γ (E) where E = E|( l e l ). This leads to a canonical basis for E * 2 (Γ ).
Ordinary Eisenstein series.
For n ≥ 1 set Γ n = Γ 1 (p n N ). Let J n/Q be the Jacobian of the modular curve X(Γ n ) with Shimura's canonical model [16] associated with the adelic group
Let Ta p (J n ) be the p-adic Tate module of J n/Q for n ≥ 1. Then we may form the projective limit
on which we have an action of Gal(Q/Q) and an action of a Hecke algebra [2] .
Let A be a profinite abelian group, and T p : A → A a continuous homomorphism. Under suitable conditions Hida has shown that, taking the limit as n → ∞, lim Φ|T n! p exists for all Φ ∈ A and so the operator e = lim T n! p defines an idempotent on A. The submodule eA is referred to as the ordinary part of A and denoted by A 0 ; we then have a direct sum
In particular this applies to the Tate module Ta p (J ∞ ). The factor Ta p (J ∞ ) 0 has been analyzed by Hida and related to ordinary p-adic modular forms and their Hecke algebras [4, 5] . This work in part relies on an analysis of ordinary Eisenstein series.
we set e n (x) = e Γ n (x). Equivalently E k (Γ n ; Q) is the set of E ∈ E k (Γ n ) with Fourier coefficients in Q. We now set
As shown in [5] the idempotent e acts on this space of p-adic Eisenstein series.
Definition 4.1. For n ≥ 1 the subset of ordinary cusps of Γ n , denoted cusps(Γ n ) 0 , is the set of x ∈ cusps(Γ n ) such that p n | div(x), where div(x) is as defined before (3.4). We also let cusps(Γ n ) nil ⊆ cusps(Γ n ) be the complement of the set of ordinary cusps.
Since p ≥ 5, by (3.5) the order of cusps(Γ n ) 0 is given by
For x ∈ cusps(Γ n ) let x N be the image of x under the natural projection cusps(Γ n ) → cusps(Γ 1 (N )). A cusp x ∈ cusps(Γ n ) is said to be unramified over Γ 1 (N ) if e n (x) = e Γ 1 (N ) (x N ). As a special case of [5] , Lemma 5.1, it follows that the ordinary cusps of Γ n are those that are unramified over Γ 1 (N ). Indeed this is clear from Section 3. As a consequence, for any n ≥ 1 there are p elements of cusps(Γ n+1 ) 0 which lie over a given x ∈ cusps(Γ n ) 0 . We will show that the elements of E k (Γ n ; Q p ) 0 may be characterized in terms of cusps(Γ n ) 0 . Before doing this we need a simple lemma.
Lemma 4.3. Let k ≥ 2 be an integer and suppose
If k is even then the result holds for any γ τ i y ∈ S τ i y .
Proof. 
Then for any i, by a calculation, we have
The result for the sum now follows from the definition of the weight k action. The restriction for odd k is necessary, as in this case a 0 (E|γ x ) for x ∈ cusps(Γ n ) depends, up to sign, on a choice of γ x ∈ S x . Lemma 4.4. Let n ≥ 1, k ≥ 2, and let E ∈ E k (Γ n ; Q p ). Then 
Putting this all together, and using Lemma 4.3, we obtain
proving (a).
for τ i as above and appropriate γ τ i y ∈ S τ i y . Since the cusps corresponding to the τ i y are all ordinary it follows that a 0 ((E|T 
. This is obvious if k = 2. Hida proves Lemma 4. 
The same is true for G n = G p n N since this group acts only on the Fourier coefficients. Referring to (3.4) 
In general, for a fixed k, we identify A * with its image in Aut(E k (Q p ) 0 ), and define H to be the algebra generated over Z p by the images of the 
Denoting the set of such automorphisms by D n , we define the action of
Suppose now that N is squarefree. Then given n ≥ 1, k ≥ 2, the space
is the number of divisors of N . Since 
Note that for squarefree N , given ξ ∈ K(N p n ) and d | N , there exist unique primitive characters η and χ of conductors dividing N/d and p n d respectively such that ηχ = ξ. We will next construct a canonical basis of ordinary weight k Eisenstein series for each k ≥ 2, n ≥ 1. Our method turns out to be equivalent to the modification of the basis given by Hida by Euler factors similar to those used in the weight two case as described at the conclusion of Section 3. Having "absorbed" these factors we obtain series which are naturally related to the measure β. 
and 
, it follows easily that G m and N m act on E via η and ηχ. Thus Z * p,N acts by ξ; the claim for T l follows from Lemma 3.3(a). E is easily shown to be invariant under the action of Γ m . Using Lemma 3.3(b) yields E|T p = η(p) · E, thus E is ordinary. This completes the proof of (a) and (b) if n = m.
We now assume that n ≥ m and calculate the L-series of E. First set
We may now use Lemma 1.6. We obtain
.
Now using Lemma 2.6 and the fact that 
First suppose l is a prime dividing (c, N/d). Fix r, s and v, and let
For a fixed u we may write the sum in the outside set of brackets as 
Then if l is a prime dividing d/c, a similar argument shows that a 0 (E c ) is also zero. Now since
we have
Fix r, s, u and v, and let y
, and 
Cuspidal divisor groups.
Let M ≥ 1 and Γ be one of the groups Γ (M ) or Γ 1 (M ). We let U (Γ ) denote the group of modular units over Γ . Then g ∈ U (Γ ) if g is a modular function for Γ without zeros or poles in H. Thus g may be regarded as a function on the modular curve X(Γ ) with support in cusps(Γ ). Letting D Γ ⊆ D Γ be the subgroup of divisors of degree zero, let div Γ (g) be the divisor of the associated function on X(Γ ). The cuspidal divisor class group C Γ is then the finite group
For simplicity now assume M > 4. The cuspidal divisor class group has been analyzed by Kubert and Lang in a series of articles, and in [9] . In the case Γ = Γ (M ) the group C Γ has a complete description for M = p n , and the case for M in general has been determined up to 2-torsion [8, 9] . When Γ = Γ 1 (M ) the situation is more complex. Kubert and Lang have analyzed two subgroups of C Γ for M = p n , both of which depend on units g which are determined by the part of div Γ (g) whose support lies on cusps of divisor 1 [9] . This has been generalized to all M > 4 by Yu [25] , using the Kubert-Lang theory and methods of Sinnott [17] .
The appearance of ideals similar to the Stickelberger ideals in this setting suggested the possibility that the theory of modular forms could be applied to the analysis of cyclotomic ideal class groups. This approach led to the proof by Mazur and Wiles of the main conjecture of Iwasawa theory [12] , in part by applying the theory of Kubert and Lang to Igusa curves of characteristic p.
In general Stevens has formulated a different approach to the analysis of C Γ , which is based on Eisenstein series [19] . We now give a survey of some of these results as needed in the sequel.
For E ∈ E 2 (Γ ), let Φ(E) : Γ → C be the map given by
where z 0 ∈ H. Let P Γ = y∈P 1 (Q) Γ y be the set of parabolic elements of Γ . For a Z-submodule K ⊆ C we define two subgroups of E 2 (Γ ) by
As discussed in Section 3, for a cusp x, and y ∈ O x , we have 
is an isomorphism. Thus we may express C Γ in terms of Eisenstein series for Γ by
We now fix Γ = Γ 1 (M ). Suppose that E ∈ E 2 (Γ ) and that α is a primitive Dirichlet character whose conductor is prime to M . The Dirichlet series n≥1 a n (E)α(n)n −s converges absolutely for Re(s) > 2 and extends to a meromorphic function on C with a possible simple pole at s = 2. We denote this analytic continuation by L(E, α, s) and define the special value Λ(E, α, 1) by
Let S M be the set of primes q such that q ≡ 3 (mod 4) and q ≡ −1 (mod M ). We define C M to be the set of nonquadratic characters α such that cond(α) = Q = q r for some q ∈ S M and r ≥ 1. We set [19] we have the following theorem.
Theorem 5.7 (Stevens) . Let K ⊆ C be a finitely generated Z-module.
With appropriate definitions this also holds for Γ (M ). We will use this theorem to analyze cuspidal divisor class groups associated with the groups Γ n . We will also need the following theorem to prove Theorem 5.15. for any prime divisor l of pN , there is a choice of t as above for which
we extend our definitions of r Γ n ,E (x) and δ Γ n (E) to E ∈ E n (Q p ), denoting these by r n,E (x) and δ n (E) respectively. Let O be a Z p -submodule of Q p . We define two O-submodules of E n (Q p ) by
and set
nil . For n ≥ 1 we define a cuspidal divisor class group C n (O) by
Let C n denote the p-primary part of the cuspidal divisor class group associated with Γ n . Then by (5.4) we have
For simplicity we will write 
Proof. Fix n ≥ 1. To prove that the canonical map
is well defined, it suffices to show that T p preserves E n (O). The isomorphism will then follow provided that in addition T p preserves E n [O] . For each y = r/s ∈ P 1 (Q) fix γ y ∈ S y and let p(y) be the highest power of p dividing s. First suppose E ∈ E n (O); then e n (y)a 0 (E|γ y ) = Φ(E)(π y ) ∈ O for all y ∈ P 1 (Q). We must show that
Using Lemma 4.3 and the fact that e n (y) = p n N/div(y), we obtain
The group Γ n is generated by the group Γ (p n N ) and the parabolic element π ∞ . For any E ∈ E n (Q p ) and γ, γ ∈ Γ we have
. By a calculation we have τ i γτ . We define a map
By Lemma 4.4 this is an isomorphism.
Proof. Fix n ≥ 1 and E as above, and choose any
We come now to the main result.
. However, the set of ordinary cusps of divisor p n d for a given d | N is generated by 
the sum over cusps of divisor p n d. From this we obtain
] be defined by
where uu ≡ 1 (mod N Q/du), and where
where vv ≡ 1 (mod p n dQ/v), and where
and by Lemma 1.11
]. Then by a straightforward modification of Lemma 1.6 and Corollary 1.7, defining integration in the obvious way, , then C * ξ is trivial. Proof. Let c be a prime different from p. We will show that the measure β 2,c annihilates C * . Suppose that M and M are positive integers with M |M . By a result of Fricke-Wohlfahrt Γ (M ) is generated by Γ (M ) and the parabolic elements of Γ (M ) ( [24] ; see the proof of Theorem 1.2 in Chapter 5 of [11] ). This implies that Γ 1 (M ) is generated by Γ 1 (M ) and the parabolic elements of Γ 1 (M ), as Γ 1 (M ) is itself generated by its parabolic elements and Γ (M ). In particular this gives
therefore by Theorem 5.13 β 2,c annihilates C 0 n , and therefore C * . Now let ξ be an even power of ω, and let χ ∈ K(p ∞ ). Then χ may be regarded as a map from Z p to Q p ; if χ factors through 1 + pZ p then χ is said to be a character of the second kind. For any such character we have χ dβ 2,c,ξ = − 
